Abstract. Let G be a simple graph, let f
Motivation
The motivation for handicap graphs comes from scheduling handicap incomplete tournaments which are a natural extension of an earlier problem of scheduling fair incomplete tournaments introduced by Froncek, Kovar, and Kovarova [6] .
A complete tournament of n teams is represented by a complete graph in which each team plays against all n − 1 other teams. Such setting is usually considered fair. However, for large number of teams a complete tournament is time demanding due to numerous matches, which have to be played. Suppose ranking of teams is known, say based on the last year's performance. Obviously, the strongest team is ranked number 1, the weaker the team, the higher the rank number.
A fair incomplete tournament arises from a complete tournament by omitting certain matches so that every team plays the same number of matches and the total difficulty of opponents mimics the difficulty of the complete tournament for each team. On the other hand, it is easy to observe that the omitted matches also form a kind of a tournament, an equalized incomplete tournament in which every team plays the same number of matches and the total difficulty of opponents is the same for each team. Thus, an equalized incomplete tournament is the complement of a fair incomplete tournament and vice versa. Finally, a handicap incomplete tournament arises from a complete tournament by omitting matches so that every team plays the same number of matches and a certain advantage is given to weaker teams.
Distance Magic Graphs
An equalized incomplete tournament can be represented by a distance magic graph [6] . The vertices of the graph represent teams, while the edges represent matches played in the tournament. In this paper we identify vertices with their labels, thus by x we understand the vertex labeled x. This means that for every x we have f (x) = x, which simplifies our notation.
A graph G of order n with vertex set V (G) and edge set E(G) is called distance magic (see [18] or [11] ) if there exists a bijection f : V (G) → {1, 2, . . . , n} such that the weight w(x) = y∈N (x) f (y) of every vertex x is equal to the same magic constant k, where N (x) is the set of all vertices adjacent to x. Thus, for every vertex x is w(x) = k. Bijection f is a distance magic labeling of G. An example of a distance magic graph is shown in Fig. 1 . 
Handicap Graphs
While a regular distance magic graph represents a schedule of an equalized incomplete tournament in which all teams have an equally strong set of opponents, a handicap graph represents a schedule of a handicap incomplete tournament in which certain advantage or disadvantage is given to the teams according to their strength. The weaker the team, the bigger the advantage. This would hopefully increase the attractivity of the tournament.
Formally, a bijection f : V (G) → {1, 2, . . . , n} is a handicap labeling of G = (V, E) if there exists an integer such that the weight of every vertex x is w(x) = y∈N (x) f (y) = + f (x). Any graph which admits a handicap labeling is a handicap graph [3] . An example of a handicap graph is in Fig An extensive overview of results on magic labelings is in the dynamic survey by Gallian [8] . In this paper we show that there exist 4-regular handicap graphs of order n, such that n ≡ 9 (mod 18).
2.
Known Results
Magic Rectangles
A magic rectangle is an a × b matrix with entries 1, 2, . . . , ab where all row sums are equal and all column sums are equal. The existence of magic squares and magic rectangles is considered folklore and was established in several previous works. For general constructions of magic squares see e.g. [1] . Harmuth [9] and [10] gave a necessary and sufficient condition for the existence of magic rectangles:
There exists a nontrivial a × b magic rectangle if and only if a, b > 1, and a and b are either both odd or both even, but not both 2.
For our purpose the existence of a 3 × b matrix M with entries 1, 2, . . . , 3b with the sum 3(3b + 1)/2 in every column will suffice. Let us denote b = 2s + 1 for some non-negative integer s. For even b the existence is excluded by parity conditions. One possible scheme for such matrix M is given by Eq. (1). Such schemes are based on a result by Kotzig [16] and were used by Froncek [4] . Notice that the sum of every column of M is 4b + s + 2 = 4b + (b − 1)/2 + 2 = 3(3b + 1)/2. Any 3×b magic rectangle would suffice, while the case b = 1 (s = 0) is covered by taking the column matrix with entries 1, 2, 3.
Handicap Labelings and Related Results
Miller, Rodger, and Simanjuntak [18] completely solved the existence of distance magic labelings for some basic classes of graphs: paths, cycles, complete graphs, and trees. An easy counting argument shows that no odd-regular distance magic graph exists.
A survey paper on distance magic graphs is due to Arumugam, Froncek, and Kamatchi [2] . Moreover, the authors characterized distance magic graphs with small magic constants. All 2-regular distance magic graphs are characterized e.g. in [11] , they are isomorphic to t copies of C 4 . The spectrum of pairs (n, r), where n is the order of a distance magic graph and r its regularity, was completely settled for even r by Froncek, Kovar, and Kovarova in [6] .
Further papers investigate distance magic graphs of odd order. It is conjectured that an r-regular distance magic graph of odd order n, n ≥ 17 exists for all even r, such that 4 ≤ r ≤ n−5. Kovar, Kovarova, and Froncek [12] proved that a 4-regular distance magic graph of an odd order n exists if and only if n is at least 17. The existence of 6-, 8-, 10-, and 12-regular distance magic graphs of odd order was completely solved by
Kovar, Silber, Kabelikova, and Kravcenko [15] . Krbecek [17] and Zacek [20] constructed 14-regular distance magic graphs for odd n ≥ 19. For dense graphs Kovar and Silber [14] proved that an (n − 3)-regular distance magic graph with n vertices exists if and only if n ≡ 3 (mod 6) and that its structure is determined uniquely. The existence of (n − 5)-, (n − 7)-, and (n − 9)-regular distance magic graphs was completely solved by Kovar and Zidek [21] .
There are no r-regular handicap graphs with n vertices if both r and n are even or if r ≡ 1 (mod 4) and n ≡ 2 (mod 4), see e.g. [3] , [19] and [13] . No nontrivial r-regular handicap graph with n vertices exists if r = 1, r = 2, r = n − 1, r = n − 3, or r = n − 2t, such that t ∈ [1, n/2 ] [19] and [13] .
By combining results of several authors it was possible to characterize all orders for which an odd-regular handicap graph exists. Froncek, Kovar, Kovarova, Krajc, Kravcenko, Shepanik, and Silber [7] presented r-regular handicap graphs of even order n when n ≥ 8 and:
• n ≡ 0 (mod 4) if and only if 3 ≤ r ≤ n − 5 and r is odd,
• n ≡ 2 (mod 4) if and only if 3 ≤ r ≤ n − 7 and r ≡ 3 (mod 4), except when r = 3 and n ∈ {10, 12, 14, 18, 22, 26}. This is an analogy of the complete characterization of all orders for which an even-regular distance magic graph exists [6] .
For even-regular handicap graphs a complete characterization of all orders and regularities is far from complete. Froncek [5] showed that an even-regular handicap graph of order n exists if and only if n ≥ 9, except possibly when n ∈ {11, 13, 19, 23, 29}. A subsequent brute force search revealed that there exists no regular handicap graph of order 11, but there exist regular handicap graphs of orders 13, 19, 23, 29.
It is conjectured that there exists an r-regular handicap graph for all odd orders n ≥ 19 and all even regularities r, 4 ≤ r ≤ n − 5. A special case of this conjecture concerns 4-regular handicap graphs of an odd order n. The conjecture is stated in the Conclusion. The main result of this paper supports the conjecture.
Main Result
Now we show that an infinite class of 4-regular handicap graphs exists.
Theorem 1 (Main result). Let n ≡ 9 (mod 18). Then there exists a 4-regular handicap graph with n vertices.
Proof. The proof is constructive. Consider the graph G in Fig. 3 . For n = 18s + 9, where s is a non-negative integer, we take b = 2s + 1 copies of G and a 3 × (2s + 1) matrix M based on the scheme Eq. (1). Clearly, n = 9b. We label the nine vertices in the i-th copy of G for i = 1, 2, . . . , 2s + 1 using the entries of M , where m ji is the entry in row j and column i as shown in Fig. 3 . 
It remains to show that labeling f of G is handicap.
First we observe that since the entries of M are all integers from 1 to 6s + 3, the labeling f is a bijection from V (G) to [1, n] = [1, 18s + 9] . Then, the weight of
The sum of the i-th column of M is m 1i +m 2i +m 3i = 3(3b + 1)/2, thus the weight is
). An analogous computation for the remaining vertices yields
for j = 1, 2 . . . , 9. Hence, comparing Eq. (5) with the definition of handicap labeling, it immediately follows that labeling f is a handicap labeling of (2s + 1) copies of G. This completes the proof.
Conclusion
A brute force search reveals that there exists a single 4-regular handicap graph with n vertices for n < 19, namely graph G in Fig. 3 . On the other hand we have found 4-regular handicap graphs for odd values n ∈ {19, 21, 23, 25, 27, 29, 31, 33, 35, 37, 39, 41}. It seems that for less than 19 vertices the graph is simply too small to allow a distribution of labels that correspond to a handicap labeling. No 4-regular handicap graph with an even number of vertices exists [3] . We conclude this contribution by the following conjecture.
Conjecture 1.
There exists a 4-regular handicap graph with n vertices if and only if n = 9 or n ≥ 19 and n is odd.
Theorem 1 justifies the conjecture for all integer values n ≡ 9 (mod 18).
